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SYMPLECTIC DYNAMICS AND THE 3-SPHERE
MARC KEGEL, JAY SCHNEIDER, AND KAI ZEHMISCH
Abstract. Given a knot in a closed connected orientable 3-manifold we prove
that if the exterior of the knot admits an aperiodic contact form that is Eu-
clidean near the boundary, then the 3-manifold is diffeomorphic to the 3-sphere
and the knot is the unknot.
1. Introduction
We consider compact contact manifolds with boundary and ask: What does the
boundary know about the interior? The question can be answered meaningfully
in terms of the diffeomorphism type, if one imposes boundary conditions on the
contact structure and if one only allows contact forms whose Reeb vector field has
a particular dynamical behaviour.
A contact form is called aperiodic if the associated Reeb vector field does not
have any periodic solution. The existence of an aperiodic contact form on a com-
pact contact manifold with boundary that is of a certain standard form near the
boundary implies strong restrictions on the underlying topology. If for instance
the boundary of the contact manifold M is S2 = ∂M Eliashberg–Hofer [3] proved
a global Darboux theorem via holomorphic disc filling: If a neighbourhood of
∂M contactomorphically is equal to a neighbourhood of S2 = ∂D3 in D3 and if the
standard contact form
αst := dz +
1
2
(
xdy − ydx)
extends to an aperiodic contact form α on M then (M,α) admits a strict contact
embedding into (R3, αst). In particular, by Alexander’s theorem M must be a ball
and the Reeb flow of α does not admit any trapped orbits.
The relation from symplectic dynamics to the diffeomorphism type is obtained
via holomorphic disc filling. This way odd-dimensional balls [3, 7] and neighbour-
hoods T d×D2n+1−d, d < n, of subcritical isotropic tori [1] have been characterised
in terms of aperiodic contact forms standard near the boundary. In this article
we reduce the case of neighbourhoods S1 ×D2 of transverse knots in a contact 3-
manifold to the global Darboux theorem due to Eliashberg–Hofer [3]. Furthermore
we give a characterisation of the 3-sphere in terms of the symplectic dynamics of a
class of Reeb vector fields on transverse knot exteriors, see Theorem 3.4.
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2. Aperiodic exterior of a transverse knot
Let (M, ξ) be a compact connected co-oriented contact 3-manifold whose bound-
ary ∂M is diffeomorphic to the 2-torus. Assume that ∂M admits a contact embed-
ding into R3 which is equipped with the standard contact structure ξst given by the
kernel of αst. By a contact embedding of ∂M into (R
3, ξst) we mean the following:
2.1. Definition. ∂M admits a contact embedding into (R3, ξst) if there exists
a co-orientation preserving contact embedding ϕ of a neighbourhood U ⊂ (M, ξ) of
∂M into (R3, ξst) such that:
(a) The interior of ϕ(U) is mapped into the bounded component of R3\ϕ(∂M).
(b) Affine lines parallel to the z-axis intersect ϕ(∂M) in at most two points. In
the case of exactly two points we require the intersections to be transverse;
in the case of a single point the intersection has to be tangent and is called
point of tangency.
(c) The points of tangency form a disjoint union of two embedded circles that
divide ϕ(∂M) into an upper and a lower part. Additionally, the tangency
circles are nowhere tangent to a line parallel to the z-axis.
Remark 2.1. The existence of ϕ and condition (a) allow a gluing construction
that we call Euclidean completion. This is discussed below. The condition (b) is
of dynamical nature and allows to prove Proposition 2.2 (i) via the global Darboux
theorem. Similar conditions were used in [1, 3, 7]. Conditions (c) delivers odd-
symplectic models for (M, dα) formulated in Proposition 2.2 (ii).
Let α be a contact form onM whose kernel defines ξ. We call α standard near
the boundary if the restriction of ϕ to a possibly smaller neighbourhood U of
∂M pulls αst back to α|U . We remark that the space of contact forms on (M, ξ)
standard near the boundary is not empty. This is because the space of positive
contact forms on M that define the same co-oriented contact structure ξ can be
identified with the space of positive smooth functions on M . This allows convex
interpolation of ξ-defining contact forms.
The Euclidean completion R̂3 of (M, ξ) is the result of gluingM to the closure
of the unbounded component of R3\ϕ(∂M) via ϕ. It admits a contact form αˆ given
by α on M and αst on the unbounded component of R
3 \ ϕ(∂M). The induced
contact structure ξˆ on R̂3 is independent of the choice of α.
2.2. A global model. Denote by R2 × {z∗} the affine plane of R3 that touches
ϕ(∂M) from below. Let A ≡ A×{z∗} be the annulus in R2×{z∗} that is obtained
by projecting ϕ(∂M) to R2×{z∗} along the z-axis. Observe that A is bounded by
two embedded circles inside R2 × {z∗}.
Denote by V the solid torus that is given by the closure of the bounded compo-
nent of R3 \ ϕ(∂M). We equip V with the odd-symplectic form dx ∧ dy. For the
notion of odd-symplectic forms – symplectic forms on odd-dimensional manifolds –
the reader is referred to [8].
Proposition 2.2. Let (M, ξ) be a compact connected contact manifold with bound-
ary T 2 that admits a contact embedding into (R3, ξst) as described in Definition
2.1. Let α be a contact form on (M, ξ) that is standard near the boundary. If α is
aperiodic, then
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(i) there exists a strict contact embedding of (M,α) into (A × R, αst) so that
in particular ξ is tight and M is diffeomorphic to S1 ×D2.
(ii) (M, dα) is odd-symplectomorphic to the solid torus (V, dx ∧ dy) in R3.
The proposition applies for example if ϕ(∂M) is a rotationally symmetric torus
that is obtained by rotating a round circle in the xz-plane around the z-axis. Fur-
thermore by Alexander’s theorem, each embedded 2-torus bounds a solid torus in
R3 so that all M are diffeomorphic to S1 × D2 that satisfy conditions (a)-(b) in
Definition 2.1.
Proof of Proposition 2.2. We identify the annulus A with its image in R̂3 under
the inclusion of the closure of the unbounded component of R3 \ϕ(∂M). Denoting
the Reeb vector field of the contact form αˆ by Rˆ we observe that Rˆ = ∂z in a
neighbourhood of ∂A×R. In particular, the flow ϕt of Rˆ restricts to a global flow
on the Euclidean completion Â× R, which is defined similarly to R̂3.
The contact form αˆ on the Euclidean completion R̂3 is aperiodic by condition
(b) in Definition 2.1. Therefore, the Reeb vector field Rˆ of αˆ does not have any
trapped orbits in forward and backward time. This is a consequence of Eliashberg–
Hofer’s global Darboux theorem [3, Theorem 2]. In fact, invoking the computations
on [3, p. 1306] the map ψ(x, y, z) = ϕz(x, y, z∗) defines a diffeomorphism from
A×R onto Â× R such that ψ∗αˆ = αst. Composing the strict contact embeddings
(M,α) ⊂ (Â× R, αˆ) and ψ−1 : (Â× R, αˆ)→ (A× R, αst) shows (i).
In order to show (ii) observe that the flow of any vector field X = f∂z parallel
to ∂z is odd-symplectic, i.e. sends dαst to itself, as LXαst = df . Using condi-
tions (b)-(c) in Definition 2.1, the required odd-symplectomorphism is obtained by
interpolating ψ−1(∂M) and ϕ(∂M) along the flow lines of ∂z . For that observe
that ϕ(∂M) and A × R as well as ψ−1(∂M) and A × R intersect along two em-
bedded circles that divide both tori into upper and lower parts. The lower parts
admit neighbourhoods along which both tori coincide. The upper part of ψ−1(∂M)
can be brought to the upper part of ϕ(∂M) by following ∂z with speed equal to
the oriented length of the line segments parallel to the z-axis in between. This
can be done without moving the closure of the lower parts of the tori. The map
F : M ⊂ Â× R→ V ⊂ A×R obtained from ψ−1|M followed by the time-1 map of
the diffeotopy induced by the interpolation is odd-symplectic as required. 
Remark 2.3. The proof of Proposition 2.2 (ii) shows that ϕ(∂M) can be interpo-
lated to any embedded 2-torus in R3 that satisfies conditions (b)-(c) in Definition
2.1 so that the respective circles of tangency coincide and both tori are equal on
neighbourhoods of them. Therefore, the enclosed solid tori equipped with dx ∧ dy
and (M, dα) are odd-symplectomorphic.
Remark 2.4. The Eliashberg–Hofer disc filling argument in [3] only requires the
non-existence of contractible periodic Reeb orbits for αˆ. Therefore, it suffices to
assume that α does not have any periodic Reeb orbit in M that is contractible or
homotopic to one of the circles of tangency in ∂M .
Remark 2.5. If (M, ξ) is overtwisted and allows a Reeb vector field R that is
tangent to ∂M , then R admits a contractible periodic orbit contained in M \ ∂M ,
see [5, 9]. Part (i) of Proposition 2.2 yields the result with Euclidean boundary
condition.
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2.3. Tight contact structures on solid tori. By construction F fixes the closure
of the lower part of ∂M ≡ ϕ(∂M) ≡ ∂V pointwise. Therefore, the restriction of
F to the boundary is a Dehn twist on the upper part up to isotopy and may not
map the meridian to themeridian, which by definition is the non-trivial homology
class that lies in the image of the connecting homomorphism for the pair (M,∂M)
and (V, ∂V ), resp. The homology class in ∂M represented by a boundary circle of
the lower part is chosen to be the longitude.
The method used to prove Proposition 2.2 (ii) does not yield a contactomorphism
if f is non-constant as the above Lie derivative LXαst = df is closed and ξst non-
integrable. On the other hand, Makar-Limanov proved a classification [10, Theorem
5.4] for tight contact structures on solid tori in the case the characteristic foliation
on the boundary 2-torus does not have any singular points and Reeb components.
Applying this, (M, ξ) is contactomorphic to (V, ξst) if the restriction of F to the
boundary is isotopic to the identity.
3. A characterisation of the 3-sphere
With Section 2 we can characterise the unknot and the 3-sphere in terms of
symplectic dynamics of knot exteriors. Before we start with this we will give the
analog construction for the exterior of a point using symplectic dynamics.
Given a connected oriented compact 3-manifoldM with boundary S2 Martinet’s
theorem ensures existence of a contact structure ξ onM such that a neighbourhood
of ∂M in (M, ξ) can be identified with a neighbourhood of S2 = ∂D3 in (D3, ξst)
contactomorphically. Indeed, the closed manifold M ′ obtained by gluing D3 to M
along S2 carries a contact structure ξ′. Darboux’s theorem ensures the existence
of a disc-like neighbourhood D ⊂ M ′ of a point such that ξ′|D = ξst. The disc D
can be isotoped to a collar extension of D3 inside M ′ by the smooth disc theorem.
Restricting the isotoped contact structure ξ′ to M yields ξ.
Assuming the existence of an aperiodic ξ-defining contact form α that is Eu-
clidean near ∂M Eliashberg–Hofer [3] showed that (M, dα) is odd-symplectomorphic
to (D3, dx∧dy). The global Darboux theorem from [3] yields a contact embedding
of (M, ξ) into (R3, ξst) so that ξ in particular is tight. Consequently, by Eliashberg’s
classification of tight contact structures onD3 with standard characteristic foliation
on ∂D3 = S2, (M, ξ) is contactomorphic to (D3, ξst), cf. [6, Theorem 4.10.1 (b)].
Finally, using Smale–Munkres’ Γ3 = 0, M
′ is diffeomorphic to S3.
3.1. Euclidean model for transverse knots. We consider S3 as subset of C2
given by {|z1|2 + |z2|2 = 1}. Denote the standard contact structure TS3 ∩ iTS3 by
ξst, which can be defined as the kernel of r
2
1dθ1 + r
2
2dθ2. The 2-torus in S
3 given
by {|z1|2 = 12} divides the 3-sphere into two solid tori {|z1|2 ≥ 12} and {|z2|2 ≥ 12}.
The standard contact structure ξst on the model solid torus S
1 × D2 is given by
ker
(
dτ + 12r
2dθ
)
. Both contact manifolds are contactomorphic in such a way that
the transverse knot S1 ×{0} corresponds to S3 ∩ (C×{z2 = 0}). Indeed, the map
S1 ×D2√
2
→ S3 given by
(τ, z) 7−→ e
iτ
√
2
(√
2− |z|2, z
)
defines a strict contactomorphism(
S1 ×D2, dτ + 12r2dθ
)
−→
(
{|z1|2 ≥ 12} ∩ S3, r21dθ1 + r22dθ2
)
.
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The contact stereographic projection used in [6, Proposition 2.1.8] defines a pos-
itive, i.e. (co-)orientation preserving, contactomorphism from the 3-sphere with
the north pole (0, 1) ∈ C2 deleted to R3 w.r.t. the standard contact structures. A
composition of both contactomorphisms yields a positive contact embedding
(S1 ×D2, ξst) −→ (R3, ξst) ,
whose image we denote by V . The transverse knot S1×{0} in the Euclidean model
corresponds to ∂D2 × {0} in R2 × R.
Lemma 3.1. ∂V satisfies the requirements (a)-(c) of Definition 2.1.
Proof. The contact stereographic projection in [6, Proposition 2.1.8] is a composi-
tion of the classical stereographic projection (z1, z2) 7→ (1− y2)−1(x1, y1, x2) and a
correction map (
reiθ, t
) 7−→ (rei(θ−t), 12(1 + 13 t2 + r2)t
)
w.r.t. the splitting C × R, cf. the first formula on [6, p. 57]. The classical stere-
ographic projection maps the solid torus {|z1|2 ≥ 12} ∩ S3 onto the rotationally
invariant solid torus V ′ obtained by rotating the closed unit disc in the xz-plane
with centre (
√
2, 0) around the z-axis. This can be seen using conformal proper-
ties of the stereographic projection. The correction map is a composition of the
graph-map of rotations (z, t) 7→ (e−itz, t), that leave the solid torus V ′ invari-
ant, and dilations (z, t) 7→ (z, p(|z|, t) · t) along lines parallel to the R-axis letting
p(r, t) = 12
(
1 + 13 t
2 + r2
)
. Therefore, parallel lines to the R-axis through the annu-
lus A = {√2 − 1 ≤ |z| ≤ √2 + 1} × {0} in C × R intersect the 2-torus ∂V either
transversally in precisely two points or in a unique point of tangency along the
circles {√2− 1 = |z|} and {√2 + 1 = |z|}. As the projection of V onto C along R
equals A there are no other intersection points. 
3.2. Exterior of a transverse knot. We consider a closed connected contact
3-manifold (M ′, ξ′) and a transverse knot K ⊂ (M ′, ξ′). By the tubular neighbour-
hood theorem there exist r > 0 and a contact embedding (S1×Br(0), ξst)→ (M ′, ξ′)
that maps S1 × {0} onto K, see [6]. Moreover, for any given N ∈ N the diffeomor-
phism
(τ, z) 7−→

τ, e−N iτz√
1 + N2 |z|2


shrinks S1 ×R2 onto S1 ×B2/N (0) contactomorphically w.r.t. ξst, see [2, 4]. Com-
posing both maps suitably, we obtain a contact embedding
f : (S1 × R2, ξst) −→ (M ′, ξ′)
that is positive and sends S1 × {0} to K. The image of the restriction of f to
S1 ×D2 is the tubular neighbourhood
νK = f(S1 ×D2) ⊂M ′ ,
which is unique up to smooth isotopies. The exterior of the transverse knot
K ⊂ (M ′, ξ′) (more precisely the exterior of the embedding f) is defined to be
M :=M ′ \ Int(νK) .
We equip M with the contact structure ξ := ξ′|M and provide ∂M with the bound-
ary orientation so that ∂(νK) = −∂M .
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As in the [1, Appendix] we obtain local contact inversions near transverse knots:
Proposition 3.2. (M ′, ξ′) admits a local contact inversion along ∂M , i.e. there
exists a positive contactomorphism defined near ∂M ⊂ M ′ that preserves ∂M re-
versing the orientation.
Proof. The germ of the local contact involution is obtained from the involution
ι(z1, z2) = (z2, z1) on S
3 ⊂ C2, which positively preserves ξst and interchanges
the solid tori {|z1|2 ≥ 12} ∩ S3 and {|z2|2 ≥ 12} ∩ S3. By the tubular neighbour-
hood theorem as formulated at the beginning of Section 3.2 and the transverse
model neighbourhood inside (S3, ξst) as considered in Section 3.1 (with z1 and z2
interchanged) we obtain a positive contactomorphism
χ :
(
νK, ξ′
) −→ ({|z2|2 ≥ 12} ∩ S3, ξst
)
from (a neighbourhood of) νK onto (a neighbourhood of) {|z2|2 ≥ 12} ∩ S3 w.r.t.
ξ′ and ξst that mapps K onto {z1 = 0} ∩ S3. The claim follows by pulling back ι
along χ. 
Composing χ with the contact stereographic projection as in Section 3.1 we
obtain with Lemma 3.1:
Corollary 3.3. The boundary ∂M ⊂ (M, ξ) of any knot exterior admits a contact
embedding into (R3, ξst).
3.3. The unknot in S3. LetK be a knot in a closed connected oriented 3-manifold
M ′. By Martinet’s theorem M ′ admits infinitely many positively co-oriented con-
tact structures ξ′ such that K is a transverse knot, cf. [6, Theorem 4.1.2]. In other
words, any knot appears as a transverse knot for a certain contact structure. On
the other hand the following theorem characterises the unknot in S3 uniquely in
terms of symplectic dynamics on the knot exterior:
Theorem 3.4. Let K be a transverse knot in a closed connected co-oriented contact
3-manifold (M ′, ξ′). We assume that the knot exterior (M, ξ) of K ⊂ (M ′, ξ′)
admits an aperiodic ξ-defining contact form α such that α is Euclidian near the
boundary ∂M . Then (M ′,K) is diffeomorphic to (S3, {z1 = 0}) with orientations
preserved so that K (in particular) is the unknot.
Proof. The positive contactomorphism χ obtained in the proof of Proposition 3.2
embeds a collar neighbourhood
(
(−ε, 0]× ∂M, ξ) into ({|z1|2 ≥ 12} ∩ S3, ξst) con-
tactomorphically (mapping ∂M ≡ {0} × ∂M onto {|z1|2 = 12} ∩ S3), which by the
contact stereographic projection is contactomorphic to the solid torus V ⊂ (R3, ξst),
see Section 3.1. In view of Lemma 3.1, Proposition 2.2 and Section 2.3 there exists
an odd-symplectomorphism F : (M, dα) → (V, dx ∧ dy) that fixes a longitudinal
curve ℓ in ∂M = T 2. We choose a meridional curve by intersecting ∂V with the
positive half xz-plane x > 0. Therefore, the restriction F |∂M≡∂V is a k-fold Dehn
twist along ℓ up to isotopy. Identifying V with {|z1|2 ≥ 12} ∩ S3 using contact
stereographic projection, the map F |∂M≡∂V extends to a diffeomorphism ∆ of the
complement {|z2|2 ≥ 12} ∩ S3 preserving the unknot {z1 = 0} ∩ S3. Consequently,
the diffeomorphisms F and ∆ ◦χ glue to an orientation preserving diffeomorphism
M ′ → S3. 
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